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A Graphic Presentation of Some Bitopological Spaces

Mabruk Ali Sola*
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Abstract:

Given a bitopological space (X,z;,7,), where both (X,z,)
and (X,z,) belong to a certain class of topological spaces , we
will show that there exist a graph G =(X,s,,s,) which will give a
graphic presentation of the bitopological space (X,z,,7,) .
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1. Preliminaries:

1-1. Definition: If X isaset,amap s: X — X is said to be an
idempotent map if sos=s.

1-2. Lemma: If s:X —>X is any idempotent map,
C, : P(X) —> P(X) defined by C,(A)=AUs(A) for any Ae P(A),
then C. is a closure operation in the set X .

Proof: see [1].

1-3. Definition: If X is a non-empty set, s: X — X is an
idempotent map. Let 7, denotes the topology on X such that:
A= AUs(A) forany Ac X . We call z, the topology induced by

the idempotent maps.
1-4. Definition: A space X is said to be T}/ space if and only if
2

each one-point set is either open or closed in X .
The following theorem is 1.5.6 of [1].
1-5. Theorem: If z, is the topology induced by an idempotent

map s: X — X, then the frontier of any one-point set is either
empty or a one-point set.
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1-6. Theorem: If 7, is the topology induced by an idempotent
map s: X — X, then (X,z,) isa Ty space.

2

Proof:

Let xe X, sinces: X — X is an idempotent map then
either we have s(x)=x or s(x)=y ,x=y,and s(y)=y.
If s(x)=x, then {x}={x}Us({x}) = {x}. So {x} is a closed set.
If s(x)=y wherex =y, s(y)=y. Then
x}={JUs({x})) = {x,y} = {x}UFr{x}, and so by 1-5 Fr{x}={y}.
Since {x}" = {x}\ Fr{x}= {x}\{y} = {x}, so{x} is an open set.
1-7. Definition: Agraph G isatriple(V,E,y), where V isanon-

empty set called the set of vertices, E is a set disjoint from V
called the set of edges, and  is a map from E into V xV called

the incident map.

A graph G =(V,E,y) is said to be directed graph if each edge is
associated with an ordered pair of V xV .

Now let G =(V,E,y) be a directed graph, =, :V xV —V be the

projection maps for i=12 ,and let d, =7z, oy for i=12. If we
put X =VUE and we let s, : X — X be the map defined by:

X if xeV

5, (X) = O

d,(x) if xeE
for i=12. Then s, is an idempotent map for, and s,,s, satisfy
the following composition property:
S;es =805 =5 ,and $1°52 =505, =5,
So following [4] we can formalize the following equivalent
definition of a directed graph.
1-8. Definition: A directed graph G is atriple (X,s,,s,), where
X is a non-empty set and s,,s, are two unary operations on X
satisfying the following composition property s,os =S 08 =S5,
,and s, oS, =S,08, =5, .
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1-9. Definition: If X isasetand z,,z, are two topologies on X
, then the triple (X,z,,7,) is called a bitopological space.

Notice that if (X,z,,z,) is a bitopological space, Ac X then A
Is said to be r,-open if Aer, for i=12. And we say that
(X,7,,7,) Isa T%bitopological space if both (X,z,),(X,z,) are

T,, spaces.
1,5P

2. Graphic presentation:

In [4] Waldemar Korczynski gave a topological
presentation of a graph and in [1] a topological presentation of a
directed graph was given. In the following theorem, we will prove
that the other way around works for a certain class of bitopological
spaces.

2-1. Theorem: If (X,z,,7,) isa T% bitopological space, Fr, {x}
is a one-element set or empty for all xe X and all i, and {x} is 7,
-closed if and only if {x} is z,-closed for all x e X .Then there
exist a graph G=(X,s,,s,) presenting the bitopological space
(X,7,,7,).
Proof:
Let s, : X — X defined by:

(0 _{y if  Fr,f=1{y} , y=x

! x if Fryixj=1{x} or Fr {xj=¢
Then s, is an idempotent map for all i ands, os, =s,, S,05,=5,
. Forlet xe X.
Case (1) If {x} is closed. Then Fr, {x}={x} or Fr, {x}=¢. So

(Si ©8)(X) =5;(5; (X)) =5;(X).

Also (s, 08,)(X) =s,(5,(X)) =5, (X) =X =5,(), and
(8, 28,)(X) =5,(5,(X)) =5,(X) =X =5,(X) .
Case (2) If{x} is open. Then Fr_{xj={y} y=x,and

Fro{xj=1{z}, z=x.
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If {yhiz} are 7, -closed. Then since

Fr {zj=1{z} or Fr_{z}=¢. Hence(s;os;)(x)=s;(x) for i=12.
Also (s, 05)(x)=5,(x), and (s,°5,)(X) =z=5,(x).

The case {y} is z,-open or {z} is z,-open is impossible. Because
without loss of generality if {y} is z,-open and since {x} is r,-
open, then ¢ = Int,_(Fr_{x})=Int_{y}={y} a contradiction.
Therefore s,, s, satisfy the composition property:

S,08,=5,05, =S, and s, 0s,=5,05,=s, Andhence the triple
(X,s,,s,)is a graphic presentation of the bitopological space
(X,7,,7,).

2-2 Example:

Let (X,z,,7,) be the bitopological space where X = {a,
b,c,e1,e}and,
r,={¢ ., X, {b}, {ei}, {e2} , {b, es}{b, e}, {e1, e2}.{a,
eip{c,e},{a,b,ei},{a,e1,e},{b,c,e},{b,e1, e} {c,
e1,e2},{a,b,e1,e},{a,c,e1,e},{b,c,ei,e}}and
r, = {¢ ., X {a} {e:} {e2} {a, e} {a,e}{er, ex} {b,
e2}{cei} {a e1, e}, {b,er, e}, {c,e1,e},{a,b, e}, {a,
c,ei},{a,b,e1,e},{a,c,er,e},{b,c,e1,e}} Then
Fr, {a}) ={a}, Fr, ({b}) ={b}, Fr, ({c}) ={c}, Fr, ({e,}) ={a}, and

Fr. ({e,}) ={c}.

Let 5, : X—X be the map defined by
X if X#eandx#e,
s,(x)=4a if X=e
C if X=e,
And Fr., ({a}) ={a}, Fr,, ({b}) ={b}, Fr_ ({c}) ={c}.

Fr, ({e.}) ={c}. and Fr, ({e,}) ={b}.
Let s, : X—X Dbe the map defined by :
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X if x=eandx#e,
S,(X)=+c if X=¢
b if X=¢,

Then figure 1.1 is the directed graph (X,s,,s,) which presents the
bitopological space (X,z,,7,)

Figure 1.1
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